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THE GROUP OF AUTOMORPHISMS OF

A CLASS OF FINITE p-GROUPS

BY

ARYE JUHÁSZ

Abstract. Let G be a finite p-group and denote by X",(G) the members of the lower

central series of G. We call G of type (m, n) if (a) G has nilpotency class m - 1, (b)

G/K2(G) = Zpn X Zp, and K,(G)/Ki+l(G) = Zp„ for every i, 2 < i « n - 1. In
this work we describe the structure of Aut(G) and certain relations between Out(G)

and G.

Introduction. N. Blackburn considered in [1] a special class of finite p-groups, the

p-groups of maximal class. Our aim here is to determine the structure of the

automorphism group of a wider class of finite p-groups, groups G with nilpotency

class m - I, such that G/K2(G) s Zp„ X Zp„ and, for 2 < i < ro - 1,

Kj(G)/Ki+x(G) = Zp„. We call such groups G of type (m, n). Here Kt(G) denotes

the z'th member of the descending central series of G and m, n are positive natural

numbers, m > 2. (Thus a p-group of maximal class of order pm is of type (m, 1).)

Such groups were dealt with in [2] and independently in [5]. It becomes clear right at

the beginning of our investigation that if G is a p-group of type (m, n) then Aut(G)

has a normal Sylow p-subgroup P and Aut(G)/P is isomorphic to a subgroup of

Z , X Zp_x (Theorem 1.12). So, naturally, we focus on the structure of P and

prove that, roughly, in the splitting of P to three parts by G AB AP, the size of B/G

is bounded from below by a number which depends on Z(GX) and G\ (Theorem 2.3).

Under certain conditions this means that G has many outer automorphisms. Here G

denotes the group of the inner automorphisms of G, B stands for the subgroup of

Aut(G) of all automorphisms which fix G/K2(G) elementwise and P/B is a

subgroup of GL(2, p") which is isomorphic to Aut(G/K2(G)).

In §3 we deal with metabelian p-groups of type (m, n). For these groups our

results are more precise: We determine the upper and lower central series of P under

certain conditions (which are satisfied by metabelian p-groups of maximal class) and

show that B/G has a very similar structure to that of a subgroup of K2(G). We also

give a lower bound for B/G in terms of m, n and p (Theorem 3.2). Here we are

working in the endomorphism ring of K2(G) generated by G/K2(G) and we use an

idea of M. Lazard [8] exploited in [6].

We close by §4 with sharpening our results obtained in §§2 and 3 for p-groups of

maximal class.
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0. Notation. We follow the notation of [4, III]. Let G be a finite group. For every

a, b E G define [a, Ob] — a and for every 0 < n E Z define

[a,nb]=[[a,(n- l)b],b].

Here [c, b] = c~ xb~xcb for every c, b EG. For subsets X and Y of G let (X, Y) be

the subgroup of G generated by X and Y in G and [*, y] = ([x, y] \ x E X, y E Y).

For every / > 1 let K¡(G) and ZfG) be the j'th member of the descending and

ascending central series of G, respectively. Abbreviate ZX(G) by Z(G) and the

nilpotency class of G by cl(G). Denote by F(G) and 0(G) Fitting and the Frattini

subgroup of G, respectively (see [4, III]). Let p be a fixed prime number. For every

natural n, tin(G) = (x E G \ xp" = 1), Ö„(G) = (xp" \ x E G) and abbreviate the

exponent of G by exp(G). Aut(G) stands for the group of automorphisms of G and

if G is abelian then End(G) stands for the endomorphism ring of G. For every

a E Aut(G) and * G G we denote the action of a on * by x" and write [x, o] for

x~xx". These commutators are defined in the semidirect product of G by Aut(G);

hence all the rules for commutators hold for them. Write "// AG" for "// is a

normal subgroup of G".

For every element (subgroup) x (X) of G denote by x (X) the inner automor-

phism (group) of G induced by * (X). We shall use freely the following identities of

commutators [4, III, pp. 253, 254]: For every a, b, c E G:

(a) [a, b~x] = [a,b]-b",

(ß)[a,bc] = [a,c][a,bV,

(y) [ab, c] = [a, c]b[b, c],

(8) [a, b~x, c]b[b, c"1, a]c[c, ¿T'¿>]û = 1 (Witt's identity).

Finally, we recall the collection formula [4, III, p. 317]: For every a, b E G,

(ab)"" = ap"bp"c(/)...cy")...cp„,       c, E K,((a, b)).

1. Basic results. Let G be a p-group of type (m, n), m 2= 4. For ; > 2 define

G, = K¡(G) and for i = 1 define G, by Gx/G4 = CG/cfG2/G4). If there exists a

natural number k such that, for every /', / > 1, [G,, G-] < Gi+j+k, then following N.

Blackburn [1], we say that G has degree of commutativity k.

We shall need the following basic properties of p-groups of type (m,n), which we

state without proof. They follow easily from the results of N. Blackburn in [1].

Let G be a p-group of type (m, n), m > 4. Then

(1.1) There exists an element sxE G such that G, = G2(sx) and G = (s, sx), for

every s E G\GX<5?(G). If for i > 2 we define i, = [s,„,, s] then G, = <G,+ 1, s).

Every element in G can be expressed uniquely by sa°sx'.. .s?1.. .s%"-x', a, E Z,

0 <a, <p".
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(1.2) For every x E G\Gx$(G),xp" E Gm_x and CG(x) = (x)Z(G).

(1.3) For every x E G \ GX®(G), [x, G) = G2.

(1.4) Z,(G) = Gm_„ for 1< ¡ < m - 1.

(1.5) If w *£p + 1, thenexp(G2) = exp(G/Gm_,) = p".

(1.6) If m>p+ 2, then ÜX(G,) < Gi+p_x and, for n = 1, <J,(G,) = Gl+p_x.

(1.7) If m >p + 2, then

sf = spTaod(Gp+x).

(1.8) If G is metabelian then G has degree of commutativity > 1.

(1.9) Let G be metabelian and let s E G \ Gx<b(G) and for i > 1 let s, be as defined

in (1.1). Then

(a) If [sx, s2] = sxmLk.. -C-i then [sx, s,] = C-*+,-2-. .s%z\, for every i > 2.

(b) The following are defining relations for G2:

(a)sf"...sj$\..si+p„_x = l,for/>2.

(ß) sm+p = 1, for ju > 0 and [s¡, s¿] = 1 for i, j > 2.

(1.10) For every i > 1, //, = (G,, ä) is of type (m — i + 1, «) and has degree of

commutativity i — 1.

(1.11) In the sequel we shall work in metabelian p-groups of type (m, n). In this

case G/G2 acts by conjugation on the abehan group G2 and we have

Lemma. Let G be a metabelian p-group of type (m + 2, n), m > 2, <¡> the natural

homomorphism <p: Aut(G) -» Aut(G2). Let s E G\$(G)GX and denote a = <¡>(s). Let

R be the subring of End(G2) generated by a. Then

(a) G2 is a cyclic R-module, isomorphic to R (as an R-module) by 0: R -» G2,

6(r) = s¡.

(b) R s Ht]/((tP" - l)/(t - I), (t - iy>.

(c) R is a completely primary ring with Jacobson radical J = (a — 1, p), as the

unique maximal ideal of R and R/J — F .

(d) The multiplicative group U of the units of R has 1 + J as a Sylow p-subgroup.

(e) For every subring K of R which lies in pJ, 1 + K = K as abelian groups.

(f) If H is a subring of J such that

(a) 0,(1 +//)« 1 +pHand

(ß)\l+H/Vx(l+H)\ = \H/pH\
then 77 s 1 -f 77.

Proof, (a) By (1.9) G2 is a cyclic R-module generated by s2. Since R < End(G2),

G2 is a faithful R-module. Hence G2 = R as R-modules.

(b) Since the defining relations of G2 are Il£lo ' s¡l+>x = 1 for /' 3» 2 and sm+2 = 1

by (1.9),

íZ^o'(í"i)<a-1>',+/=  J
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for every j > 0 and by part (a) the defining relations of R are

"l   („ + ,)(«" 1)M+J = 0,      y>0and(a-l)m = 0.

Therefore R s Z[/]// where

But as

p"-i

/i = 0
s /+1(«-.r=«'^V

/ = <(i - l)m, (tp" - l)/(t - 1)) and the result follows,

(c) and (d) are well-known facts.

(e) It follows by direct calculations that, for u E pJ, exp(u) and ln(l + u) defined

in the usual manner are isomorphisms from pJ to 1 + pJ and from 1 + pJ to pJ,

respectively. (For a more general setting see [8].)

(f) Since | 1 + /7| = |//|, (ß) implies that | 1 + p//| = |p//| = | 0,(1 +77)|. By

(a) this means that <J,(1 + 77) = 1 +p/7. But by part (e) 1 + pH =pH, hence

ñ,(l + H) s pH. Thus H and 1 + H are two finite abelian p-groups with the same

number of generators and the same set of invariants. Consequently H s 1 + H as

abelian p-groups.

(1.12) Finally, we show that the only non trivial component of Aut(G) is its Sylow

p-subgroup.

Theorem. Let G be a p-group of type (m, n), m s= 4, p 3= 3. Denote A = Aut(G)

and let B be a Sylow p-subgroup of A. Then

(a)|^||p2(m"-2)+1 • (p - l)2.

(b) B AA and A is a splitting extension of B by a p'-Hall subgroup Q, where Q is

isomorphic to a subgroup ofZp_x X Zp_,.

(c) A' < B.

(d) A is solvable.

(e)F(A) = B.

(f) m - 2 ^cl(B)<mn - 1.

Proof. We omit the proof of this theorem, as it is straightforward.

2. The structure of the Sylow p-subgroup of Aut(G). It is well known (e.g. [7,

Corollary 1]) that if G is a finite p-group then Aut(G) has the following normal

series: 1 AK A Aut(G), where K is the set of all the elements of Aut(G) which fixes

G/K2(G) elementwise and Aut(G)/.rv is isomorphic to the subgroup of all elements

Aut(G)/K2(G) which can be extended to an automorphism of G. Obviously G AK.

In Theorem 2.3 we show that for p-groups of type (m, n), K is a splitting extension

of G by a subgroup of Aut(G) which fixes a generator of G. Also, a lower bound for

| K | is given.
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(2.1) Proposition. Let G be a p-group of type (m, n). Let G\ < G, and let

u E Gm_/+, D Z(GX), or u E G2 if G2 is abelian. Define o: G -* G by o: s -» s, a:

sx -> sxu and if x = sbll?S\x sf>, 0 =£ b, at <p", then a: x -> x\l^Txx uf>. Then o is an

automorphism of G iff u¡ = [u,(i — l)s], for i > 2.

Proof, a is a well-defined map of G on itself. We prove, by induction on | G |,

that a is an automorphism. Let Gw be the first abelian G, and denote Hw = (Gw, s).

Then Hw is a p-group of type (m — w + 1, w) by (1.10) and it follows easily from

(1.9) that ow, the restriction of a to Hw, is an automorphism of Hw. Let H2 = (G2, s)

and assume, by induction, that a2 is an automorphism of H2. We prove that a is an

automorphism of G. By induction [s°, s°] — [s¡, Sj]a for /', ;' > 2.

We show that [s?, s°] = sf+i and [s,0, sx°] = [s¡, sx}°. Since u¡ E Z(G2), [s?, s°] =

[s,Ui, s] = i,+ 1[«„ s] = s,+ xui+x = s°+x. Now

[s°,sxa] = [s,u¡,sxu] =[íi.,í,m]Uí[«„a,«i] = [s¡, ux][s¡, sx][u¡, ux][u¡, sx]

= [Si,sx][uitsx] =[s,,j1][j,,a,s1].

On the other hand [s¡, sx]° = [s¡, sx][s¡, sx,a]. Hence we have to prove

(*) [si,sl,a] = [si,a,sl].

Assume first that G2 is not abelian. Then by assumption [s¡, sx, a] < [G'x, a] <

(1) [s„sua] = l.

On the other hand, if * G Z(G,), then [x, s] E Z(GX). Consequently [u¡, sx] - 1

for / > 1 and

(2) [s„a,s1] = l.

(1) and (2) imply (*).

Assume now that G2 is abelian. Let notation be as in Lemma 1.11 and denote by

a2 the restriction of a to G2. Then a2 E R, by the definition of a. Since s¡,

[s¡, sx] E G2, Lemma 1.11(b) implies [st, sx, a] = [s¡, <¡>(sx), a2] = sf(a)g(a), where

f(t), g(t) E Z[t], and [s¡, a, sx] = [s¡, a2, <¡>(sx)] = sf(a)f(a\ Since R is commutative,

(*) holds.

Finally, if v E G, \ G2<t>(Gx) then by the collection formula

(3) (sv)p" = sp"vp"\ld,(s,v),
i

where dfs, v) are certain commutators in s and v. If vx = v", then since dfs, v), sp",

vp" E G2,

((sv)°)p" = (svx)p" = í'"t>f"IU(í, vx) = sP'vfUd^s, v"),

(4)
((svfy = IsWRdAs, v)Y = (sp-yiv'-yJldXs, vy

Since   [v, a] = ü E G2,   ((sv)a)p" - (svu)p" = (sv)p"   and,   as   (sv)p" & Z(G),

((sv)p")a = (sv)p\ Hence ((sv)a)p" = ((sv)p"y. But then by (4) (vp")° = (v°)p"
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and since Gx/G2 is cyclic, this proves that a E Aut(G). The other direction follows

from Witt's identity with a — sx, b = s~x and c = a in formula (8) of §0.

(2.2) Proposition. Let G be a finite p-group of type (m, n), m** 4. Then to every

u E G2 there exists a solution of the equation [s, x]u[u, x] = 1 in x E G,.

Proof. We have to prove ux — [x, s], for some * G G,. By (1.3) u = [s, x~x] for

some* G G,. So ux — [s, x~x]x — [s, x]~x 'x = [x, s], by 0(a).

I am indebted to the referee for this short proof.

(2.3) Theorem. Let G be a p-group of type (m, n), m > 4, and let P be the Sylow

p-subgroup o/Aut(G).

Let A3 = {a G Aut(G) | [s, a] = 1, [sx, a] E G3} and let B be the subgroup of

Aut(G) which fixes G/G2 elementwise. Then

(a)\A3\>\Gm_l+x nZ(G,)|, where G\< G,butG\^ G,_x.

(b) B is a splitting extension of G by A 3.

Proof, (a) follows from Proposition 2.1.

(b) It follows from the definitions of A3 and G that A3 n G = {1}. Hence it

remains to show that A3G = B. Obviously A3G < B. Let o E B, [s, a] = u, [sx, o] =

v, u, v E G2. By Proposition 2.2 there is an element x E G, such that [s, x]u[u, x]

= 1. Hence sax — (su)x — s[s, x]u[u, x] = s and sxx — sxvx, where vx =

[sx, x]v[v, x] E G2. Assume that vx = s2 modG3, 0 < a <p". Then axs~": s -> s

and oxs~a: sx -* [sx, vx]s(~a) = sxs2"vx[vx, s~a] = sxs2as2 = mod G3, i.e. axs~a E

A3. Therefore a E A3G. Consequently B = A3G, as required.

Corollary. Let notation be as in the theorem. If G has degree of commutativity I

then | Aut(G)/G\>p"', where t = min{m - / - 1, / + 3}.

3. Metabelian p-groups of type (m, n). To prove the main result of this section

(Theorem 3.2) we need the following:

(3.1) Lemma. Let G, R and <¡> be as defined in Lemma 1.11. For every i > 3 let

Ai = {a E Aut(G) | [s, a] = 1, [sx, a] E G,} and let B — GA3 as in Theorem 2.3.

Assume that G has an automorphism r such that sT = ssx~x and sj = sx mod G3 and

which induces an automorphism on R such that xr = x + y + xy, where x = <j>(s) — 1

and y = <p(sx~ ') — 1. Then for every i > 3

(a)<p(A,)= l+x'-xR.

(b) // Z(GX) = Gm_k then CG(.[1 + *'"', t]) > Gm_k_l+2, CCi([l + *'-', t]) *

Gm-k-i+\ and

(c)[l +*'"', t] G 1 +xi+k-2R\l + x'+k~]R._

(d) If a E Ai\Ai+x then [t, a] E Gi_xAi+k_x \Gi_xAj+k,for i < m — k and[r, a]

E G¡   x, for i > m — k.

Proof, (a) Let a E A¡. Then by Proposition 2.1 there exists a m G G/+, such that

[s2,a] = u. Since G2 is a cyclic R-module by Lemma 1.11(a), there exists a

polynomial /(/) G Z[t]t'~x such that u = s{(x\ We claim that <¡>(a) = 1 + f(x).

Since 1 +/(*) and (¡>(a) are R-endomorphisms of G2, it suffices to show that
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jf"> = sx2+f(x). But jf«> = i2a = s2u = s2 ■ s£xX = i2+/(x). Hence <p(a) = 1 +/(*)

and 4>(A¡) C 1 + xi~xR. Conversely, let /(/) G Z[í],' ' and let u = s£x\ Then

u E G,+, and s2+f(x) — s2u. Since for every u E Gi+X there exists an a G A¡ such

that s2 = s2u by Proposition 2.1, 1 +/(*) = <#>(«) f°r some a E A¡. Consequently,

HA¡)= 1 +*'~'R.
(b) It suffices to show that y = m — k — i + 2 is the smallest7 such that ij1+JC' ,T)

= Sj. Denote o — 1 + *'_1 for brevity. Then since aT G R, by definition, [a, t] =

a~xaT = aTa"!, as R is commutative. Hence ij0-Tl = Sj «* sj0,Tl"' = 1 « j/"'0'-1 =

1  » ÄjoT^'-')a =  ]  ^ ^T-o =   1    ie  sl«,r] = Sj ^ sj'-o _   j_ Now

(*) aT- a = (*+^ + *y)'~' - *,_' = g(*. j)

and g(x, y) = y(x - l)2pox'^'^x +y + *v)".

To every y 3= 2 sfy = [Jj+a, ¿wj, a, b E Z. Therefore, if [sx, s2] = s^mod Gr+X

and (5, p) = 1 then sfy" = s|(r_2)+y+a modGft(r_2)+y+fl+1, (e, p) = 1, by 1.9(b).

Hence if g(*, j) = Sca i*ay'> and b(r — 2) + j + a attains its minimum for a

unique pair (a, b) such that cab^o(p), then sf(-x-y) = sJ iff $*"•>' = Sj. But in

g(x, j») of (*), b(r — 2) + j + a obtains its minimal value for a — i — 2 and 6=1,

as r > 4 by the definition of G,, and for this (a, b), ca b — -1. Therefore í|°'t1 = Sj

iff [J7+,-2> *il = 1. ie- s7+i-2 G Z(GX). Thus iy+/_2 G Gm_A:, j + j - 2 > m - k

and j > m — k — i + 2. By the choice of j, j = m — k — i + 2. Hence Gm_jt_,+2 Ç

CC2([1 + *'-', t]) and Gm_t_,+1 $  Cc ([1 + *'-', t]), as required.

(c) If [1 + *i_1, t] G 1 + *'R \ 1 + xl+xR then the smallest; such that $J1+*' ',T]

= Sj is j = m — I. Hence by part (b) m — k — i + 2 = m — I, i.e. I = k + i — 2, as

required.

(d) We prove (d) in four steps.

Step I. [a, t] G G2A3.

To prove this it suffices to show that s[a'T] = s mod G3 and s\"'r] = sx mod G3.

,«,-.,- = ,«-r- = (vr~'T ' = (»rIk,.«-I])T"'

^[^-»k^K1«-1]'"-
Since [i, t_1] = [s, t]~t    = s[    we obtain

(1)        saTa  T    = s[s¡~', a-1]     = smodG,,       /' defined by assumption.

In particular saTa 'T ' = s mod G3. Clearly j,"™ 'T ' = s, mod G3. This proves Step I.

Step IL [a, t] G G2Ai+k_xAm_x \G2Ai+kAm_x for / + A: < m — 1 and [a, t] G

G2Ai+k_xAm_x for i + k > m — 1. Let t G Aut(G) satisfying [i, t] = sxx, [sx, t] E

G3. We show that t induces an automorphism on R by

t: 2a,*' ^2a,(-x + .V + xy)'.

Here x and y- are as defined in the lemma. Obviously t maps R onto itself; hence by

Lemma 1.11(b) it suffices to show that if y = f(x), f(t) E Z[t], then

t + f(t) + tf(t) E I   and     2  (f)(t+f(t) + tf(t)y^El.
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Here I = (tm,((l + t)p" — l)/t) and we have written t instead of t — 1 in

Lemma 1.11(b). As /(/) G t2R, by the definition of sx, t + f(t) + tf(t) E tR and

(t + f(t) + tf(t))m G tmR ^ /. Finally let s, = [sx,(i - l)ssx~x] for i » 2. As ssx~x E

G\GXQ(G),

sfsf\..sf>\..sp„+x = l,

by 1.9(a). Thus, if R, is the subring of End G2 generated by ^(ü^1), then G2 is a

faithful cyclic R,- module generated by s2 and

sfsfxsp...sp»+x = \

implies that

2   (P%(7s;l)-lfl=0   inR.

Hence

= 2 (l")((x+l)(^+ 1)-!)'-'= 0

and Sf=i (f")(* + y + xy)'~x = 0. Therefore by Lemma 1.11(b) the natural homo-

morphism 6: Z[t] -» Z[i]// sends 2f=, (f")(f + f(t) + tf(t))'~x to the zero element

of Z[t]/I and F = /. Thus, since t induces a homomorphism on Z[t], it induces an

automorphism on Z[t]/I and consequently on R. We claim that </>([a, r]) G

x'+*~2R \jc,+*~'R. Indeed, as t induces an automorphism on R, [1 + jc'_1, t] G 1

+ x'+k~2R \ 1 + xi+k~xR by part (c) and, for every r E R \xR, [1 + x'~x, t] E 1

+ *'+*~1R. (The last assertion follows by induction on m — degf(t), where/(x) =

r, f(t) E Z[t].) But by the definition of t, <¡>([a, t]) = [(p(a), t]. Consequently

</>([«, t]) = [1 + *,_1r, t] G 1 + x'+k~2R \ 1 + *'+fc^R by parts (a) and (c) and

[a, r] E <¡>~x(l +xi+k-2R)\<t>-\l +x'+k-xR) = G2Ai+k_xAm_x \G2A, + kAm_x

for/ + k<m- 1 and [a, t] G G2^1+fc_,v4m_, \G2^/+fc^m_I_1

5iep III. [a, t] G G_^xAi+k^xAm_x. Let [a, t] = ßg, g G G2, ß_G Ai+k_xAm_x.
Then s[a'Tl = 5^g = sg, as s^ = s. By (1) s[a,T' = s mod G,. Hence sg = í mod G, and

this means that [s, g] E G¡. Consequently g E G,_,.

Step IV. [<x,t] E Gi_xAi+k_x\Gi_xAi+k for i^m-k and [a, t] G G,_, for

/' > m — k + 1. If /' + k — 1 «s m — 1 then /1,+A._, > Am_x and nothing has to be

proved, by Step III. Hence assume i + k> m + 1, i.e. i > m — k + 1. We show that

[Am_k+X, t] < G2. For this it suffices to show that if a G Am_k+X then s\a,T] = sx;

for [a, t] = gß, gE Gm_k, and ß E Am_x by Step III. Hence ¿8 = 1 <=> sf = s, «■

i|aT| = j„ as g G Gm ¿ = Z(G,). Let [sx, a] = v and [s„ t] = u. It follows by

induction on j that [sJf t] = [h, (y — l)s] ■ U[xx,...,xl¡L] where xA G {s, u, sr, 1 < r

^j}> P^J' an<i at least two of the *A's differ from s. Since G is metabelian, if

[*„... ,*,,] ¥= 1 then at most one of the xh is an element of G2. Hence at least one of
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the xh is 5, and as G is metabelian, we may assume * = sx. But if p > m — k + 1

then [*„...,*,] G Gm_k = Z(GX); consequently [*„...,*] = 1. Therefore,

[Sj, t] = [u,(j — l)s] for j > m — k + 1. Consequently, [v, t] = [u, a] — s((x)g(x\

where f(t), g(t) E Z[t], v = s£x\ u = s§(x) and x = <j>(s) - 1. This implies that

sxT = (sxv)r = sxu • v[v, t] = sxvu[u, a] — (sxu)a = sTxa and s\a'T] = sx, as required.

(3.2) Theorem. Let G be a metabelian p-group of type ( m, n), m > 4, and for every

i 3= 3 let Ai = (a G Aut(G) | [s, a] = 1 and [sx, a] G G,}, A = {a G Aut(G) | [s, a]

= 1}. Then

(a) .4 = A3 X (J) is abelian.

(b)\A3\ = \G3\.
(c) Let H< <J(G3)rJ2(G2) íhc/j í/ta/ 77J = 77 an</ /e/ AH= {o EA\ [s2,o] E H).

Then AH/AH D Am_x = H.

(d) The Sylow p-subgroup P of A\xt(G) is generated by p" + 4 elements.

(e)K¿B) = GiandZt(B) = Gm_t_xAm_x. Here B = G ■ A3.

(f) Assume that G can be embedded in a p-group G0 of type (m + 1, n) and let B0 be

the set of all the elements of Aut(G0) which fix G0/K2(G0) elementwise. If Z(GX) =

Gm_k thenA(l_X).(k_X)+2Gi_x < Kt(B0) < A(i_X)(k_X)+3 ■ G,_, and

(g)Z,(R0)=^m_,„,Gm_,+ ,.

Proof, (a) A — A3 X (s) by the definitions of A, A3 and by Theorem 2.3. Hence

we show that A3 is abelian. Let a, ß E A3, [sxa] = u, [sx, ß] = v. Then sxaß = (sxu)ß

= sxvu[u, ß] and jf" = (i,t;)a = sxuv[v, a]. Hence j«^ = if" iff [ü, a] = [u, ß]. We

show[u, a] = [u, ß]. Let R be the ring defined in Lemma 1.11; denote x = <p(s) — 1,

where <p is the canonical homomorphism from Aut(G) to Aut(G2). Then for every

element a E G2 there exists a polynomial f0(t) E Z[t] such that a = s{"(xX. In

particular v = s{M, u = sfx) for suitable/(i), g(0 G Z[í]. Now [u, ß] = [m, <t>(ß)]

- sg(xXf(ß)-\) = sg(x)f(x) _ s^(x)g(*) = „g(^ = „(*(«)-1) = J^ a])  as in the proof of

Lemma 3.1(a).

(b) Follows from Theorem 2.3(a).

(c) Let notation be as in Lemma 1.11. Then B(pJ) = <J,(G3) • 152(G2). Hence if

H < Ö,(G3) • Ö2(G2) then 0~X(H) E 1 + pJ and, as H is s-invariant, fT'(//) s 1 +

0 \H) by Lemma 1.11(c). But 1 + 0"X(H) = <p(AH). Hence A„JKer <$> C\AH=l

+ 0-\H) sf'(ii) s, H and H s AH/AH (1 Am_x asKer<i) = G2Am_x and^„^

A.

(d) It is not difficult to see that A3 is generated by (a, | a,: sx -» í,í,., 3 < / < p" +

2). Hence A3 is generated by p" — 1 elements and B = G>43 is generated by p" + 1

elements. Every p-subgroup of GL(2, Zpn) can be generated by 3 elements. Hence P

is generated by p" + 4 elements.

(e) By Theorem 2.3(b) R/G, =A and by part (a) of Theorem 3.2 A is abelian.

Hence K2(B) < G,. On the other hand [<?(sx\ <f>(A)] =_1, i.e. [i„ A] < G2A„_X.

Therefore as A is abelian, j:2(R) = [B, B] = [G,^, GXA] < G2[G,, /4] < G, n

G2^m-i = G2. But obviously G2 < ä:2(R). Consequently A:2(R) = G2. Since [G¡, s]

= G,+ , for i > 2, we get by induction on / that K¡(B) = G, for 2 «s z < m - 2. To

determine the upper central series of B determine first Z(B). Let o E Z(B), o = gp,
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g E G, p E A3. Since [s, a] = [s, g]p, [s, g] = 1 and g G Gm_2. Also, as G has

degree of commutativity > 1 by (1.8) and g G Gm_2, [î,, a] = [sx, p] and [sx, p] — 1.

This implies that [s,, p] G Gm_,. Consequently a E Gm^2Am_x and Z(R) =e

Gm_2Am_x. But obviously Gm_2^m_, < Z(R). Thus Z(R) = Gm_2^lm_,. Since

Z(R) is the kernel of the natural homomorphism xp: Aut(G) -» Aut(G/Gm_x), we get

the results by induction on cl(G).

(f) Since G may be embedded in G0 there exists a t G Aut(G) such that sr = ssx~x

(t plays here the role of sx in G). Since t G R and RAAut(G) by Theorem 2.3(b), t

acts by conjugation on B and

(2) B0 = B(r),    [s,t]=sx    and    [s,,t]GG3.

We compute K2(B0) and then K¡(B0) for / > 3 by induction on i. Since R0/R is

cyclic by (2), K2(B0) = [R0, B] = [R ,43]T[R, G]T[r,J3] • [t, G]a* < G,[t, ¿3]. By

Lemma 3.1(d) [t, A3] < G2^^ + 2. Hence K2(B0) < GxAk+2. Since [j, t] = sj-1, G,

^ A"2(R0). Now

[G>y, R0] = [G„ R0] [Aj, B0] = [Aj, B0)GI+X = Gi+x[Ap <t>R]

= Gi+x[Ap B][Aj, r][Aj, r, B] < Gi+xGJAJ+k_x\Gi+xGjAJ+k

by Lemma 3.1(d). Therefore,

Ki+ABo) = [Ki(Bo)> Bo]  =[Gi-\A3+(i-\Xk-\)> Bo\  *! Gi^3 + i(/c-l)xGi^2-l-i(*-l)-

Also, G~ *£ Ki+](B0), as [t, if] G tf,+,(R0).

(h) First we compute Z(B0). Obviously Z(B0) *z Z(B) as Z(R0) =£ B0. Hence

Z(B0) </lm_,Gm„2. We show that Z(R0) = G„,_2. Let a G/*„,_, D Z(B0). Then

[s„ a] G Gm_, and if [s, a] = z then s = í0T0~'t"' = íT0"'t~' = (ssx-x)°~'T"' =

(sjf'Lsf1, o_1])T = j[sj~', a_1]T = jz. Hence z = 1 and [s,, a] = 1, i.e. a = 1.

On the other hand ím_2 G Z(R0) as ^«.^"»V-1 = 5 and if«-*"*iir~' = s,. Conse-

quently Z(B0) = Gm 2. Next we compute Z2(R0). Let >//: Aut(G) -» Aut(G/Gm_,)

be the natural homomorphism and let R, = xp(B0). Then Ker x¡> = Gm_2Am_x and

Ker »/> < Z2(R0) < x[i~x(Z(Bx)). For, by Lemma 3.1(d) if a G Am_x then [a, t] G

Gm_2 = Z(R0); hence Ker xp = Gm^2Am_x < Z2(B0J. Also Z2(R0) = {a G R0 |

[a, p] G Gm_2foreveryp G R0}5 {a G R0|[a, p] G Gm_2Am_x) = ^~\Z(BX)). By

direct calcularon [sm_3, r] E Gm 2 = Z(B0). Hence as sm_3 E Z(B), Z2(B0) —

Gm_3Am_x = r](Z(Bx)) and Z2(B0) = xp-x(Z(Bx)).Thus B0/Z2(B0) ^ BX/Z(BX)

and Z,(B0/Z2(B0)) s Z,(R,/Z(R,)). Consequently Z,(fi0) = Gm_,+ ,^m_,_,.

4. p-groups of maximal class. By definition a p-group of maximal class is a p-group

of type (m, 1). In this case Gt/Gi+, is of orderp for 1 < i < m — 1 and also A¡/Aj+X

is of order p. This makes it possible to strengthen the results of the previous sections.

(4.1) Proposition. Let G be a p-group of type (m, n), m > 4.

(a) G can be embedded in a p-group H of type (m + 1, n) if and only if G has an

automorphism t such that

(1) t: s -* ssx, t: sx -» sxu, where a G Z, 1 < a <p — 1, (a, p) = 1 andu E G3.

(2)rp" G G,tp"~' G G.
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(b) Assume that G has degree of commutativity k = l.Ifm^p + 1 and r E Aut(G )

satisfies (1) of part (a), then t satisfies (2) as well.

Proof, (a) If G is embedded in a p-group H of type (m + l,n) then H is

generated by two elements s and a, with [s, a,] = j^ '. So the automorphism induced

on G by a, satisfies (1) and (2) of part (a) of the proposition. Assume that G has an

automorphism t which satisfies (1) and (2). Then by (2) and the definition of t, H/G

is cyclic of order p". We prove by induction on | H | that Hm^i — Gm_,_,, for i > 0.

Hmis generated by {[t, s, *,,... ,*m_2]} where x, E (t, s). Since [t, s] =sxmodG2

and [sx, t] G G3, it follows that if one of the x,'s is t then [t, s, *,,...,xm_2] G G„,

= 1. Hence 77m = ([r,(m — l)s]) = Gm_,. Hence by the induction hypothesis for

G/Gm_x we get Hm_x/Hm = Km_^x(G/Gm_x) = Gm^,/Gm_, = Gm_,_,//7m for

every i 3= 1. Consequently Hm^i = Gm_,_, for i ^ 1 and 77 is of type (m + 1, n), by

definition.

(b) Since sT"     = j[s, tp"   ] = s[s, t]^"   mod G2 by the collection formula, sT"

= ís"      mod G2 for every t which satisfies (1) of part (a). Since [s, g] G G2 by (1.3)

this implies that [s, g] G G2; hence t^"    £ G. Thus we prove tp" E G.

By the collection formula s\r = sx[sx, rp"] = sx[sxt]p"c2! \..cp», where c, G

Ki(([sy, t], t» for i > 2. Since w = [sx, t] E G3, [sx, t, t] < [G3, t]. Now, s¡ =

[sx, s]T = [sxu, ssx] = 52t) where v E G4 and by induction on i we see that

[s¡, t] G G,+2. Hence ^,(([i,, t], t)) < G,+2. In particular, c^ G Gp+2 = 1 and sf

=sxup" = s,, as exp(G3) — p" by (1.5). By a similar application of the collection

formula we get stP = s(sx)p" — ssß, by (1.5). We claim that rp" — s~ßx. Indeed,

[sx,s~£x] E Gp+X = 1 as G has degree of commutativity > 1 and [s, spßx] =

[s, sp_x]"ß = [s x, s]ß = sß. Hence with g = spf*x we get sg = s7", sf = sTxP and

tp" G G, as required.

(4.2) Theorem. Let G be a p-group of maximal class of order pm, P the Sylow

p-subgroup of A\\t(G) and B = {a E P\[s, a],[sx, a] E G2}.

(a) // G can be embedded in a p-group of maximal class G0 of class m then P = G0B,

\P/B\ = p.
(b) // G/Gp+1 cannot be embedded in a p-group of maximal class of order pp+ ' and

G has degree of commutativity > 1 then P = B.

(c) // m > 3p + 6 then \A3 |>/>K'"-3/'+8)/2l far p > 3 W \A3\> 3l(m+l)/21 /or

p = 3. //ere ^43 = {a G R | [s, a] = 1, [sx, a] E G3} a«i/ [a] is i/ie integral part of a,

for every a E Q.

Proof, (a) By (1.1) R/R is isomorphic to a subgroup of

((i;i)i-4
If G can be embedded in G0 then B =£ P by Proposition 4.1; hence P = G0B and

|R/R| = p.
(b) If G/Gp cannot be embedded in a p-group of maximal class of order pp+ ' then

G has no automorphism t such that [s, t] G Gx/G2 and [j,, t] G G3, by Proposition

4.1. As every t G R/R would move s to sif mod G2, this means that P = B.
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(c) Assume that G has degree of commutativity k. If i is the smallest j such that

[s2, Sj] = 1 then i + k + 1 = m, i.e. i — m — k—l. For m> 3p — 6,2k > m — 3p

+ 6 by [3] or [9]. Hence for m s* 3p - 6, i « m - 1 - (m - 3p + 6)/2 <

[(w - 8 + 3p)/2]. Hence if i0 = [(m - 8 + 3p)/2] then G,o < Z(G,) and the result

follows by Proposition 2.1.

(4.3) Theorem. Let G be a metabelian p-group of maximal class of order pm, m > 4.

Leí P be the Sylow p-subgroup of Aut(G) and far i > 3 let A¡— {a E P\ [s, a] = 1,

[sx, a] E G,}. Then

(a)Ai^G,fori>3.

(b) P is generated by p + 1 elements.

(c) // G can be embedded in a p-group of maximal class of order pm+x then

K,(P) = Gt_xA(i_xxk_X)+3 andZtP) = Am_, + xGm_i_x,for2 < i < m - 2.

(d) If G/Gp+, cannot be embedded in a p-group of maximal class then K¡(P) — G,

andZ¡(P) = Am_¡Gm_l_x.

Proof, (a) Let R, J = J(R), <t> and 0 be as in Lemma 1.11, let x = <p(s) — 1 and

H = x2R. Then for every u E H,up E pH; for (x + l)p = 1 implies that xp — pxr,

r E R. Therefore if u = f(x), f(t) = 1™=2 a,t', f(t) E t2Z[t], then up =

2^=2 afxipmod px2R; hence up = 0 mod px2R, i.e. u^ Gp/7. Thus (1 + u)p G 1 +

pH and 0,(1+77)^1+ p//. Since 0 sends // on G4, 77 is generated as an abelian

group, by x2, x3,... ,xp by (1.5) and (1.6) and it follows by induction on | G | that

1 + x2,...,l + xp generate 1 + H. Hence H = 1 + 77 by Lemma 1.11(0- This

means that A3/Am_x = H = G4. Since GA = G3/Gm_x by 1.9(b) and (1.10),

G3/Gm_, s A3/Am_,. We claim that if a G A¡/A¡+, then | a | = | ¿,-1, »i — 1 < i < 3.

Indeed, by the collection formula [sx, ap] = [sx, o]pc2*\ . .cp where cy G

£,«[*„ or], a» < G,j. Hence [s„ o'] = [sx, a]p mod G„0(G2i). Since Ö,(G2()

= G2i+P-X by (1.5) and 2i+p—1, pi > i + p for i > 2, we have [j„(tí'] =

[í,, a]''mod Gi+p, i.e. [sx, ap] = upmodGi+p, where u = [s,, a] G G¡/G¡+x. But as

m^ G Gi+p_x/Gi+p by (1.5), this means that [î,, a''] G Gi+p_x/Gi+p and our claim

follows. In particular, G3 and A3 have the same exponent pe, say, and to every

1 < i < e, (J,(^43) = y4m_<(/,_,). If e = 1 then A3 and G3 are elementary abelian of

the same order, hence isomorphic. If e > 2, then Gm_,ö,(G3) and by our claim

^m-i * B,-(^3) for 1 < i < e - 2. Thus, A3/V,(A3) s G3/Ö,(G3) for 1 < i < e - 1.

But then Ü¡(A3) = Ü,(G3) for 1 < / < e - 1 and as exp(^3) = exp(G3) =pe and

IA31= I ̂ 31 we obtain A3 s G3. By (1.10) this implies A¡ = G, for /' > 3.

(b) A3 is generated by p — 1 elements. By Theorem 4.2 either P = GA3 or

P = GA3(t), where [t, ï] = J, mod G2/l3. Hence in any case P can be generated by

p — 1 + 2 = p + 1 elements.

(c) By Theorem 3.2(0 and (d) Z,(P) = ^m_,+,Gm_,_, and G<_,<^J(P)<

/!,,_,)(/t_,)+3G,_,. Since | G¡/Gi+X \ —p for 2 < i < m — 1, it follows from Lemma

3.1(d) that [t, /1J =^,+/t_,modG,_,; hence Kf(P) = A0_X)(k_X)+3modGi_x, and

the result follows.

(d) By Theorem 4.2(b) P = A3G. Hence the result follows from Theorem 3.2(e).
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